Abstract. The Schrödinger equations which are exactly solvable in terms of associated special functions are directly related to some self-adjoint operators defined in the theory of hypergeometric type equations. The fundamental formulae occurring in a supersymmetric approach to these Hamiltonians are consequences of some formulae concerning the general theory of associated special functions. We use this connection in order to obtain a general theory of Schrödinger equations exactly solvable in terms of associated special functions, and to extend certain results known in the case of some particular potentials.
Introduction
It is well-known [2, 4] that, in the case of certain potentials, the Schrödinger equation is exactly solvable and its solutions can be expressed in terms of the so-called associated special functions. Our purpose is to present a general theory of these quantum systems. Our systematic study recovers a number of earlier results in a natural unified way and also leads to new findings.
The number of articles concerning exactly solvable quantum systems and related subjects is very large (see [2, 4, 5] and references therein). Our approach is based on the raising/lowering operators presented in general form (for the first time to our knowledge) by Jafarizadeh and Fakhri [5] . We reobtain these operators in a much simpler way, and use them in a rather different way. More details can be found in [3] .
Orthogonal polynomials and associated special functions
Many problems in quantum mechanics and mathematical physics lead to equations of hypergeometric type
where σ(s) and τ (s) are polynomials of at most second and first degree, respectively, and λ is a constant. This equation can be reduced to the self-adjoint form
with l ∈ IN there exists a polynomial Φ l of degree l satisfying (1) , that is,
If there exists a finite or infinite interval (a, b) such that
and if σ(s) > 0, ̺(s) > 0 for all s ∈ (a, b), then the polynomials Φ l are orthogonal with weight function ̺(s) in the interval (a, b). In this case Φ l are known as classical orthogonal polynomials [7] . Let κ(s) = σ(s). By differentiating the equation (3) m times and multiplying it by κ m (s), we get for each m ∈ {0, 1, 2, ..., l} the associated differential equation which can be written as H m Φ l,m = λ l Φ l,m , where
(s) are known as the associated special functions. The set {Φ m,m , Φ m+1,m , Φ m+2,m , ...} is an orthogonal sequence ( [7] , pag. 8) in the Hilbert space
For each m ∈ IN, let H m be the linear span of {Φ m,m , Φ m+1,m , Φ m+2,m , ...}. In the sequel we shall restrict us to the case when H m is dense in H for all m ∈ IN. For this it is sufficient the interval (a, b) to be finite, but not necessary.
Raising and lowering operators. Factorizations for H m
Lorente has shown recently [6] that a factorization of H 0 can be obtained by using the well-known three term recurrence relation satisfied by Φ l and a consequence of Rodrigues formula. Following Lorente's idea we obtain a factorization of H m by using the definition
(s) and a three term recurrence relation.
(s) we get the relation
If we differentiate (3) m − 1 times and multiply the obtained relation by κ m−1 then we get for each m ∈ {1, 2, ..., l − 1} the three term recurrence relation
and
A direct consequence of these formulae is the relation
satisfied for all m ∈ {0, 1, ..., l − 1}. The operators A m : H m −→ H m+1 and A + m : H m+1 −→ H m defined by
satisfy the relations A m Φ l,m = Φ l,m+1 and A figure 1) . 
is a polynomial and the function σ(s)̺(s) satisfies (4), integrating by parts one obtains
, that is, the operators A m and A + m are mutually adjoint. From the relation ′′ < 0, and it is isomorphic to the Heisenberg-Weyl algebra h(2) if σ ′′ = 0. Let m ∈ IN be a fixed natural number, and let |n = |m + n, m , e n = λ m+n − λ m , ε 0 = 1, ε n = e 1 e 2 ...e n . Since 0 = e 0 < e 1 < e 2 < ... < e n < ... and a m |n = √ e n |n − 1 a + m |n = √ e n+1 |n + 1 (H m − λ m )|n = e n |n (11) we can define a system of coherent states by using the general setting presented in [1] .
If R = lim sup n→∞ n √ ε n = 0 then we can define 
for any z in the open disk C(0, R) of center 0 and radius R. We get in this way a continuous family {|z | z ∈ C(0, R) } of normalized coherent states such that a m |z = z|z .
